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CONFIGURATIONS OF NONCOLLINEAR POINTS IN THE PROJECTIVE PLANE
RONNO DAS AND BEN O’CONNOR
ABSTRACT. We consider the space Fn of configurations of n points in P2 satisfying the condition that no three
of the points lie on a line. For n = 4, 5, 6, we compute H∗(Fn;Q) as an Sn-representation. The cases n = 5, 6
are computed via the Grothendieck–Lefschetz trace formula in étale cohomology and certain “twisted” point
counts for analogous spaces over Fq .
1. INTRODUCTION
Given a space X , the configuration space PConfn(X ) is the space of ordered n-tuples of distinct points
in X . When X has more structure, for example when X is a vector space or projective space, one can
look at more refined nondegeneracy conditions on these tuples. In this paper we look at the space Fn of
n-tuples of distinct points on CP2 such that no three are collinear. The symmetric group Sn acts on Fn
by permuting coordinates, and we look at the quotient Bn := Fn/Sn as well.
While Fn and Bn are natural and basic, little seems to be known about their topology. Moulton
([Mou98]) provided a finitely presented group that surjects onto pi1(Fn). Feler ([Fel08]) showed
that the only holomorphic automorphisms of Fn that are equivariant under the natural Sn-action
are Sn-equivariant choices of linear change of coordinates. Ashraf–Bercenau ([AB14]) computed the
cohomology algebras of F3 and B3.
The space Fn also comes equipped with a natural action of PGL3(C) (see Section 2); we denote the
quotient by Xn. In fact, Fn ∼= PGL3(C)× Xn (see Proposition 2.7) and hence the Kunneth isomorphism
tells us that
H∗(Fn)∼= H∗(PGL3(C))⊗H∗(Xn) .
We show that this is also true as representations of Sn (where the action on H
∗(PGL3(C)) is trivial, see
Proposition 2.9 and Remark 2.2).
The main results of this paper are to compute H∗(Fn;Q) and H∗(Bn;Q) for n = 5 and n = 6 (the
n = 4 case is trivial). To determine H∗(Bn;Q), we determine H i(Fn;Q) as an Sn-representation and use
transfer. Below, U and V stand for the trivial and fundamental representations respectively, of either S5
or S6. Other irreducibles are subscripted by the corresponding partitions. We also use the convention
that H2(P1) has weight 1.
Theorem 1.1. With terminology as above and as S5 representations,
H∗(X5;Q)∼=

U if ∗= 0,
S3,2 if ∗= 1,
∧2V if ∗= 2,
0 otherwise.
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As S6 representations,
H∗(X6;Q)∼=

U if ∗= 0,
S3,3 ⊕ S4,2 if ∗= 1,
V ⊕∧2V⊕2 ⊕∧3V ⊕ S3,3 ⊕ S⊕23,2,1 if ∗= 2,
V ⊕∧2V⊕3 ⊕∧3V⊕3 ⊕ S3,3 ⊕ S2,2,2 ⊕ S⊕24,2 ⊕ S⊕22,2,1,1 ⊕ S⊕33,2,1 if ∗= 3,
U ⊕ U ′ ⊕ V ⊕ V ′ ⊕∧2V ⊕∧3V⊕2 ⊕ S⊕23,3 ⊕ S⊕32,2,2 ⊕ S⊕24,2 ⊕ S2,2,1,1 ⊕ S⊕33,2,1 if ∗= 4,
0 otherwise.
Each mixed Hodge structure H i(Xn;Q) above is concentrated in weight i.
Using transfer, we can then easily obtain the rational cohomology of
Bn = Fn/Sn = (PGL3(C)× Xn)/Sn
for n = 5 and n = 6.
Corollary 1.2. With terminology as above:
H∗(B5;Q)∼= H∗(PGL3(C))∼=
¨Q if ∗= 0,3, 5,8,
0 otherwise.
H∗(B6;Q)∼= H∗(S4 × PGL3(C))∼=
¨Q if ∗= 0,3, 4,5, 7,8, 9,12,
0 otherwise.
The first isomorphism is induced by the orbit map and hence is an isomorphism of mixed Hodge structures.
Similarly the inclusion of H∗(PGL3(C)) into H∗(B6) preserves mixed Hodge structures, and the extra generator
in H4(B6) has weight 4.
Blowing up CP2 at five points, no three of which are collinear, produces a del Pezzo surface of degree
4. Accordingly, X5 is the moduli space of marked del Pezzo surfaces of degree 4 — a W (D5) cover of
the moduli space of del Pezzo surfaces of degree 4. Similarly, blowing up CP2 at six points, no three
of which are collinear and not all six on a conic, produces a del Pezzo surface of degree 3, or a smooth
cubic surface. When the six points do lie on a conic, blowing up still produces a cubic surface, but with
exactly one node. Thus X6 is closely related to the moduli space of cubic surfaces with at most one nodal
singularity.
For our computations, we use that for n ≤ 6, the projection map Fn → Fn−1 forgetting one of the
points is a fiber bundle (see Section 3.4). Unfortunately, the projection map is no longer a fiber bundle
for n > 6; see Remark 3.12. Further, even for n ≤ 6, the projection map is only Sn−1-equivariant, so
additional arguments are needed to analyze the Sn-action and also to understand the differentials in the
associated spectral sequence. We use that the fiber is a hyperplane complement, and in particular its
cohomology is generated in degree 1 by hyperplane classes of weight 1. This lets us, via the machinery
of the Weil conjectures, use point counts over finite fields to obtain the Betti numbers, as well as the
characters of these Sn-representations.
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In general, the space Fn can be stratified so that the map Fn+1→ Fn is a fiber bundle over each strata.
However, for n sufficiently large, the topology of these strata should be arbitrarily complicated, in the
sense that they will have singularities of every type (see [Mnë85; Mnë88], also [Vak04]).
The n = 5 case of Theorem 1.1 was independently proved by Bergvall–Gounelas in [BG19]. Similar
arguments are used by Bergvall in [Ber16] to compute the cohomology of a related space. The untwisted
point counts of Fn (Sections 4.1.1 and 4.2.1) were previously known, see [Gly88, Theorem 4.1].
1.1. Acknowledgements. We thank Benson Farb for suggesting the problem and copious help throughout
the project and composition of this paper. We are grateful to Nir Gadish, Nate Harman, Edouard Loojienga
and Ravi Vakil for helpful conversations. We thank Nathaniel Mayer for helpful remarks and for confirming
many of the computations in Section 4. We thank Dan Petersen for helpful comments on a previous
version of this manuscript.
2. CONFIGURATIONS OF NON-COLLINEAR POINTS
All the constructions in this section are over the field of complex numbers. Much of it works over any
field, but we leave the specifics to the reader. Let Fn ⊂ (CP2)n be the space of n-tuples (x1, . . . , xn) ∈
(CP2)n such that no three of x1, . . . , xn are collinear. If each x i ∈ CP2 has coordinates [x i1 : x i2 : x i3], the
condition that a specified triple (x i , x j , xk) lies on a line is equivalent to the vanishing of the determinant
of the 3× 3 matrix of coordinates
∆i jk =

x i1 x j1 xk1
x i2 x j2 xk2
x i3 x j3 xk3
 .
This describes Fn as the complement in (P2)n of the zero set of the integral polynomial
∆colinn =
∏
1≤i< j<k≤n
∆i jk .
Remark 2.1. By definition, Fn is a subset of the configuration space of n points in CP2:
Fn ⊆ PConfn(CP2) =
¦
(x1, . . . , xn) ∈ CP2
 x i 6= x j for i 6= j© .
Thinking of Fn as a set of embeddings from the n-point set [n] := {1, . . . , n} to CP2, we have an action
of Aut([n]) =Sn on the domain and an action of Aut(CP2) = PGL3(C) on the target, and the induced
actions on Fn commute. As a subset of (CP2)n, the action of Sn is by permuting coordinates and the
PGL3(C)-action is diagonal.
The action of Sn on Fn is free and proper discontinuous, so we can define the quotient space of
unordered points Bn = Fn/Sn, the quotient map Fn→ Bn is a normal cover with deck group Sn.
Remark 2.2. Since the actions ofSn and PGL3(C) commute, the action of PGL3(C) descends to Bn and the
covering map Fn→ Bn is PGL3(C)-equivariant. Similarly the action ofSn descends to Xn := Fn/PGL3(C),
and the map Fn→ Xn is Sn-equivariant.
The primary goal of this section is to describe the extent to which the PGL3(C) and Sn-actions on Fn
are compatible. The case n = 4 is completely determined by Propositions 2.3 and 2.5 below, which state
that F4 is a PGL3(C)-torsor, and the action of S4 actually extends to an action of PGL3(C). From this we
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determine much of the structure for n> 4, with the main result of the section, Proposition 2.9, stating
that at the level of rational cohomology, the quotient Xn completely describes the Sn-action.
In Section 3, we describe how counting “twisted” points of appropriate analogs of Fn and Bn over
the finite field Fq relates to the rational cohomology of Fn. Then we prove Theorem 1.1 assuming these
point counts. In Section 4, we determine the point counts, seven cases for n = 5 and eleven cases for
n = 6 (corresponding to the conjugacy classes in Sn), after some brief setup of appropriate notation and
terminology.
As indicated above, the following proposition considers only the special case n = 4, but it plays a
central role in understanding further cases.
Proposition 2.3. Choosing a basepoint x ∈ F4, the orbit map PGL3(C) → F4, given by g 7→ g · x, is a
homeomorphism.
Proof. The action of PGL3(C) on F4 is free and transitive. 
Remark 2.4. The same argument shows that PGLn(C) is isomorphic to the space of (n + 1) ordered
points in CPn−1 such that no subset of n points is contained in a CPn−2 hyperplane. This is an obvious
generalization of the fact that PGL2(C) action on CP1 (by Möbius transformations) induces a free and
transitive action on PConf3(CP1).
Proposition 2.5. The S4-action on F4 is homotopically trivial. In particular,
H∗(F4(C);Q)∼= H∗(PGL3(C);Q)
is trivial as an S4-representation.
Proof. Fix a basepoint x ∈ F4 as above. Then for each σ ∈ S4, there is unique element gσ ∈ PGL3(C)
such that gσ · x = σ · x . The map σ 7→ gσ defines a homomorphism φ :S4→ PGL3(C), and hence the
action of the path-connected group PGL3(C) extends the action of S4. 
Remark 2.6.
H∗(PGL3(C);Q)∼= H∗(S3 × S5;Q) =
¨Q if ∗= 0,3, 5,8
0 otherwise.
The generators in degree 3 and 5 have Hodge weight 2 and 3, respectively.
The same PGL3(C)-action on Fn is also quite useful for general n> 4. The action is no longer transitive,
but it is still free, hence the quotient map
Fn→ Fn/PGL3(C) =: Xn
is a principal PGL3(C)-bundle.
Proposition 2.7. For n> 4, the bundle Fn→ Xn is trivial.
Proof. Fix a basepoint x ∈ F4. Given an n-tuple y = (y1, . . . , yn) ∈ Fn, projecting to the first four
coordinates gives y ′ = (y1, . . . , y4) ∈ F4, hence by Proposition 2.3 there is a unique and continuous
choice of g(y) ∈ PGL3(C) such that g(y) · y ′ = x . Then y 7→ g(y)y descends to a section, and a principal
G-bundle with a section is trivial. 
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This argument identifies the quotient Xn with the fiber of the projection Fn → F4 to the first four
coordinates. Of course we could choose to project to any four coordinates, i.e. along any inclusion
[4] ,→ [n]. In fact, given a choice of basepoint in F4 and an inclusion [4] ,→ [n], we obtain an injection
H∗(PGL3(C);Q)∼= H∗(F4;Q)→ H∗(Fn;Q) .
Since F4 is connected, the image does not depend on the choice of basepoint, but a priori it could depend
on the choice of inclusion [4] ,→ [n] and not be stable under Sn. As the following result states, this is
not the case.
Proposition 2.8. For n≥ 4, the image of H∗(F4;Q)→ H∗(Fn;Q) is independent of the inclusion [4] ,→ [n]
and is trivial as an Sn-representation.
Proof. The case n = 4 is Proposition 2.5, so suppose n > 4. Then any two inclusions [4] ,→ [n] that
differ by a transposition in Sn factor through a single inclusion [5] ,→ [n]. Since Sn is generated by
transpositions, it is enough to prove the claim for n = 5. By Corollary 3.11, the image is stable under S5,
and by Proposition 2.5, S4 (as a subgroup of S5 determined by the choice of inclusion) acts trivially. So
the kernel of this action has to contain S4, and hence must be all of S5. 
Combining Proposition 2.8 with Proposition 2.7 gives the following.
Proposition 2.9. With the trivial action on H∗(PGL3(C);Q), the isomorphism
H∗(Fn;Q)∼= H∗(PGL3(C);Q)⊗H∗(Xn;Q)
is Sn-equivariant.
Remark 2.10. For n > 4, one can verify that there is no way to define an Sn-action on PGL3(C) so
that the isomorphism Fn ∼= Xn × PGL3(C) is Sn-equivariant. But as Proposition 2.9 shows, the induced
isomorphism on rational cohomology behaves as if it were induced by such an Sn-equivariant map.
3. TWISTED POINT COUNTS
3.1. Grothendieck–Lefschetz trace formula. Following methods of Church-Ellenberg-Farb [CEF14],
we show how knowledge of certain “twisted” point counts for the varieties Bn(Fq) can be used to compute
the rational cohomology H∗(Fn;Q) as Sn-representations, at least when n = 5 and 6.
Given an `-adic sheaf V on an n-dimensional variety X defined over Fq (with ` and q coprime), the
Grothendieck–Lefschetz trace formula says that
(3.1)
∑
p∈X (Fq)
Tr(Frobq | Vp) =
∑
i
Tr(Frobq : H
2n−i
ét,c (X ;V)) ,
where H∗ét,c denotes compactly supported étale cohomology.
The definitions of Fn and Bn in the previous section are just the complex points of varieties, defined
over Z, which we continue to denote by the same notation. For the variety Fn, the Sn-action defines an
Sn-Galois cover Fn→ Bn. This establishes a natural correspondence between the (finite-dimensional)
representations of Sn and those (finite-dimensional) local systems on Bn whose pullbacks to Fn are
trivial. Every such local system determines an `-adic sheaf, since every irreducible representation of Sn
is defined over Z.
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For an irreducible Sn-representation V and its corresponding local system V, the action of Frobq on
the stalk Vp ' V is as follows. A point p ∈ Bn(Fq) is a set {p1, . . . , pn} ⊂ P2(Fq) that belongs to Bn(Fq)
(i.e. no three pi are collinear) and is fixed setwise by Frobq. So Frobq permutes these n points and hence
determines (up to conjugacy, unless given an ordering of the n-points) a permutation σp ∈Sn. Then
Frobq acts on the Sn-representation V ' Vp as σp. If χV is the character for the representation, then
Tr(Frobq | Vp) = χV (σp), and the left-hand side of equation (3.1) becomes∑
p∈Bn(Fq)
χV (σp) .
For a conjugacy class C ∈ Class(Sn), let 1C be the class function on Sn that is the indicator function
for C . Then χV (σp) =
∑
C χV (C)1C(σp) and∑
p∈Bn(Fq)
χV (σp) =
∑
p
∑
C
χV (C)1C(σp) =
∑
C
χV (C)
∑
p
1C(σp)
=
∑
C
χV (C)pn,C(q)
(3.2)
where
pn,C(q) =
¦p ∈ Bn(Fq)  σp ∈ C© .
Analyzing the right-hand side of (3.1), let eV be the pullback of V to Fn. Then eV is trivial, and by
transfer and Poincaré duality (Fn is smooth):
H2n−iét,c (Bn;V)∼= H2n−iét,c (Fn; eV)Sn
∼= (H2n−iét,c (Fn;Q`)⊗ V )Sn
∼= H2n−iét,c (Fn;Q`)⊗Q`[Sn] V
∼= HomQ`[Sn](V, H2n−iét,c (Fn;Q`))
∼= HomQ`[Sn](V, H iét(Fn;Q`)∨ ⊗Q`(−n))
(3.3)
where Q`(−n) is the nth cyclotomic character, i.e. the vector space Q` with a (geometric) Frobq action by
qn.
Letting H iw(Fn) be the subspace of H
i
ét(Fn;Q`) on which Frobq acts by qw and letting χ iw(Fn) be the
character of this representation, Eq. (3.3) lets us compute the trace of Frobq as:
Tr(Frobq : HomQ[Sn](V, H
i
ét(Fn;Q`)∨ ⊗Q`(−n))) = Tr(Frobq : HomQ[Sn](V,
⊕
w
(H iw(Fn))
∨ ⊗Q`(−n)))
=
∑
w
qn−w dim(HomQ[Sn](V, (H
i
w(Fn))
∨ ⊗Q`(−n)))
=
∑
w
qn−w
¬
χV ,χ
i
w(Fn)χQ`(−n)
¶
Sn
=
∑
w
qn−w


χV ,χ
i
w(Fn)

Sn
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The right-hand side of equation (3.1) then becomes
(3.4)
∑
i,w
qn−w(−1)i
χV ,χ iw(Fn).
Combining Eqs. (3.2) and (3.4) gives
(3.5)
∑
C
χV (C)pn,C(q) =
∑
i,w
qn−w(−1)i
χV ,χ iw(Fn).
Since both sides of this equation are linear over the space of class functions on Sn, and since the
irreducible characters form a basis for this space, Eq. (3.5) holds for a general class function χ:
(3.6)
∑
C
χ(C)pn,C(q) =
∑
i,w
qn−w(−1)i
χ,χ iw(Fn)
3.2. Comparison with singular cohomology. Given a (finite-dimensional) Sn representation V over
Q`, we can get a sheaf Van on the complex points of B0n(C) that trivializes on pulling back to F0n (C).
Further, there are comparison theorems (see e.g. [Del77, Théorème 1.4.6.3, Théorème 7.1.9]) that imply
isomorphisms away from finitely many characteristics:
H∗ét(B0n;V)∼= H∗(B0n(C);Van)∼= H∗sing(B0n(C); V )
where the local coefficients V are given by the action pi1(B0n(C))→Sn acting on V . Transfer gives an
isomorphism
H∗sing(B0n(C); V )∼= H∗sing(F0n (C);Q`)⊗Sn V .
Since V is defined over Q in the sense that V = VQ ⊗Q` for some Sn representation VQ over Q,
H∗sing(F0n (C);Q`)⊗Sn V = (H∗sing(F0n (C);Q)⊗Sn V )⊗Q` .
These isomorphisms also preserve the weight filtration, relating the action of Frobenius on étale coho-
mology and the mixed Hodge structure on the singular (or de Rham) cohomology. Thus, the χ iw are
exactly the characters of the degree i, weight w part of H∗sing(F0n (C);Q) as an Sn representation.
3.3. Representation polynomials. As before, for X a variety defined over Fq, denote by H iw(X ) the
qw-eigenspace of Frobq acting on H
i
ét(X ;Q`). For a group G acting on X , each H iw(X ) is invariant under the
action of G and so gives rise to a G-representation. Denote by χ iw(X ) the character of this representation,
and define the following two variable polynomial with coefficients in the class functions on G:
PX (x , t) =
∑
i,w
χ iw(X )x
i tw
Extending the inner product of class functions linearly over the space of polynomials with coefficients
in the ring of class functions, we can write equation (3.6) as∑
C
χ(C)
pC(q)
qn
=
¬
χ, pFn
 −1, q−1¶ .
For a direct product X × Y with an isomorphism of G-representations H∗ét(X × Y )' H∗ét(X )⊗H∗ét(Y ),
there is a factorization
PX×Y = PX ·PY .
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By Proposition 2.9,
PFn(x , t) = PPGL3(x , t) · PXn(x , t)
= (1+ x3 t2 + x5 t3 + x8 t5) · PXn(x , t) .
(3.7)
When n = 5 or 6, we will see that H iét(Xn;Q`) = H ii (Xn), so
(3.8) PXn(x , t) =
∑
k
χn,k x
k tk
where χn,k is the character of H
k
ét(Fn;Q`) as an Sn-representation. Combining this with Eq. (3.5),
(3.9)
∑
C
χV (C)pn,C(q) = q
n
∑
k
q−k(−1)k 〈χV ,χn,k〉 − 〈χV ,χn,k−2〉+ 〈χV ,χn,k−3〉 − 〈χV ,χn,k−5〉 .
Since χn,k = 0 for k < 0, complete knowledge of the point counts pn,C(q) allows for an inductive
computation of the characters χn,k.
Remark 3.10. The right-hand side of Eq. (3.9) is a polynomial in q with integer coefficients. The same
is then true of the left-hand side, and for an irreducible representation V , the coefficient of qn−w is the
alternating sum by degree of the multiplicity of V in H iw(Fn).
Since the irreducible characters χV form a basis of the class functions, we can decompose 1C =
∑
j α jχVj
with each α j ∈Q. We then see that
pn,C(q) =
∑
C ′
1C(C
′)pn,C ′(q)
=
∑
i,w
qn−w(−1)i〈1C ,χ iw〉
=
∑
i,w
qn−w(−1)i
∑ jα jχVj ,χ iw
=
∑
j
α j
∑
i,w
qn−w(−1)i¬χVj ,χ iw¶
In particular, it follows that (for n = 5,6) each pn,C(q) is a polynomial with rational coefficients.
3.4. Fibers as hyperplane arrangements. To establish the claim that H iét
 
X5;Q`

= H ii (X5), choose a
point e = (e1, . . . , e4) ∈ F4 and let Le be the arrangement of lines
¦
Li j
 1≤ i < j ≤ 4© where Li j is the
line passing through ei and e j . Then the fiber X5 of the map F5→ F4 over e is precisely
P2 \ ⋃
L∈Le
`' A2 \ ⋃
`∈L′e
`
where L′e is the configuration of lines obtained from Le by letting one of the lines ` ∈ Le be the line at
infinity defining A2 ' P2 \ `.
In general, for a field k and {H1, . . . , Hr} a set of hyperplanes inAn, letA = An\⋃Hi be the complement
of the hyperplane arrangement L =⋃Hi . It is known (see [Kim94; Leh92]) that (geometric) Frobenius
Frobq : H
i
ét

A/k¯;Q`
→ H iétA/k¯;Q`
acts as multiplication by qi , which establishes the claim.
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FIGURE 1. In the projection Fn→ Fn−1 with n≥ 7, there are special configurations (in
black) in Fn−1 whose fiber has different topology from nearby configurations (in gray).
Corollary 3.11. For each I , J : [4] ,→ [5] and the induced maps piI ,piJ : F5 → F4, there is an equality
pi∗I
 
H∗ét(F4;Q`)

= pi∗J
 
H∗ét(F4;Q`)

.
Proof. This is an immediate consequence of the fact that the (injective) maps pi∗I preserve the eigenspaces
H iw, and dim
 
H iw(F4)

= dim
 
H iw(F5)

whenever dim
 
H iw(F4)

> 0 by Eqs. (3.7) and (3.8). 
When n = 6, “forgetting the last point” defines a fiber bundle
A6(C) X6(C)
X5(C)
with A6 the complement of the hyperplane arrangement determined by the lines joining all
 5
2

= 10 pairs
of points in a configuration e ∈ X5. As a hyperplane complement bundle over a hyperplane complement,
this establishes that H ii
 
X6

= H iét
 
X6;Q`

.
Remark 3.12. When n> 6, the map Xn→ Xn−1 is no longer a fibration. Since n−1≥ 6, we can choose a
configuration e = (e1, . . . , en−1) ∈ Xn−1,4 with L12, L34, and L56 intersecting at a single point (see Fig. 1).
But then any neighborhood of e contains configurations e′ with the lines L′12, L′34, and L′56 intersecting
generically.
3.5. Point count results and the proof of Theorem 1.1. In Section 4, we will determine the point
counts listed in Tables 1 and 2. Recall that pn,C(q) stands for the number of sets {p1, . . . , pn} ∈ Bn(Fq)
on which Frobq acts by an element of the conjugacy class C of Sn. Using this data and Eq. (3.9), we
compute that
χ5,0 = χU
χ5,1 = χ(3,2)
χ5,2 = χ∧2 V
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Conjugacy Class (C) p5,C(q)
e 1120 (q− 3)(q− 2)(q− 1)2q3(q + 1)(q2 + q + 1)
(12) 112 (q− 1)3q4(q + 1)(q2 + q + 1)
(12)(34) 18 (q− 2)(q− 1)2q3(q + 1)2(q2 + q + 1)
(123) 16 (q− 1)2q4(q + 1)2(q2 + q + 1)
(123)(45) 16 (q− 1)3q4(q + 1)(q2 + q + 1)
(1234) 14 (q− 1)2q4(q + 1)2(q2 + q + 1)
(12345) 15 (q− 1)2q3(q + 1)(q2 + 1)(q2 + q + 1)
TABLE 1. Point counts for B5(Fq) twisted by conjugacy classes of S5.
Conjugacy Class (C) p6,C(q)
e 1720 (q− 3)(q− 2)(q− 1)2q3(q + 1)(q2 + q + 1)(q2 − 9q + 21)
(12) 148 (q− 1)3q4(q + 1)(q2 + q + 1)(q2 − 3q + 3)
(12)(34) 16 (q− 2)(q− 1)2q3(q + 1)2(q2 + q + 1)(q2 − q− 3)
(12)(34)(56) 148 (q− 1)2q3(q + 1)(q2 + q + 1)(q4 − 6q2 + q + 8)
(123) 118 (q− 1)2q6(q + 1)2(q2 + q + 1)
(123)(45) 16 (q− 1)3q6(q + 1)(q2 + q + 1)
(123)(456) 118 (q− 1)2q3(q + 1)(q2 + q + 1)(q4 − 2q3 − 3q + 9)
(1234) 18 (q− 1)2q4(q + 1)2(q2 + q + 1)(q2 + q− 1)
(1234)(56) 18 (q− 1)2q3(q + 1)(q2 + q + 1)(q4 − 2q2 − q− 2)
(12345) 15 (q− 1)2q3(q + 1)(q2 + 1)(q2 + q + 1)2
(123456) 16 (q− 1)2q3(q + 1)(q2 + q + 1)(q4 + q− 1)
TABLE 2. Point counts for B6(Fq) twisted by conjugacy classes of S6
and
χ6,0 = χU
χ6,1 = χ(33) +χ(42)
χ6,2 = χV + 2χ∧2 V +χ∧3 V +χ(33) + 2χ(321)
χ6,3 = χV + 3χ∧2 V + 3χ∧3 V +χ(33) +χ(222) + 2χ(42) + 2χ(2211) + 3χ(321)
χ6,4 = χU +χU ′ +χV +χV ′ +χ∧2 V + 2χ∧3 V + 2χ(33) + 3χ(222) + 2χ(42) +χ(2211) + 3χ(321)
These are exactly the representations in Theorem 1.1. For the weights, it’s enough to note that the
cohomology is generated by hyperplane classes in degree 1 and weight 1. In the above, χU stands
for the trivial character, V stands for the fundamental character, and W stands for the character of
the 2-dimensional irreducible representation of S5. The characters subscripted by partitions are the
characters of the corresponding Specht modules.
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4. TWISTED POINT-COUNTING
Recall that a point p ∈ Bn(Fq) is represented as a set of distinct elements {p1, . . . , pn} ⊂ P2(Fq) that
is fixed setwise by the action of Frobq. The action of Frobq on the ordered set (p1, . . . , pn) defines (up
to conjugacy, depending on the choice of ordering) an element of Sn, and we denote (a representative
of) the cycle type of this element as σp. For each conjugacy class C ∈ Class(Sn), we want to count the
number of points
pn,C(q) =
p ∈ Bn(Fq)  σp ∈ C	 .
For brevity of notation, denote the Frobenius automorphism Frobq by f (or fq if we need to emphasize
the prime power q). For all n, N ∈ N, the space PN (Fqn) is fq-equivariantly isomorphic to the subspace
(PN (Fq)) f
n ⊂ PN (Fq), and PN (Fq) = ⋃n PN (Fqn). Any point p ∈ PN (Fq) has a finite Frobenius orbit
(p, f (p), . . . , f n−1(p)) where n is minimal such that p ∈ PN (Fqn) ⊂ PN (Fq). Let { f (p)} denote the f -orbit
of p, and let n(p) =
{ f (p)}. For n = n(p), we call p a qn-point, and we will write p(n) when we wish to
emphasize that p is a qn-point.
Define the set of qn-points:
PN

F(n)q

=
n
p ∈ PNFq  n(p) = no
= PN

Fqn
 \ ⋃
k|n,k<n
PN

Fqk

= PN

Fqn
 \ ⋃
k|n,k<n
PN

F(k)q

.
The last equality implies that
(4.1)
PNF(n)q = PNFqn− ∑
k|n,k<n
PNF(k)q  ,
which allows for a recursive computation of
PNF(n)q .
A set {p1, . . . , pn} fixed by Frobenius can be decomposed into Frobenius orbits
{p1, . . . , pn}= { f (x1)} ∪ . . .∪ { f (xk)}
with n(x1) + · · ·+ n(xk) = n. The cycle type σp corresponds to the partition (n(x1), . . . , n(xk)) ` n.
Now let ` ⊂ PN (Fq) be a hyperplane and let ω` ∈ PN (Fq)∨ be the corresponding functional. The
correspondence `↔ω` is f -equivariant, so `↔ω` ∈ PN (Fqn)∨ if and only if f n(`) = `. Let { f (`)} be
the f -orbit of `, and let n(`) = n(ω`) =
{ f (`)}. For n = n(`), we call ` a qn-hyperplane (or a qn-line,
since we only deal with N = 2).
If ` is a q-hyperplane in PN (Fq) then there is an f -equivariant isomorphism `' PN−1(Fq). In particular,
the number of qn-points on ` agrees with the number of qn-points in PN−1(Fq). More generally, for ` a
qn-hyperplane, there is an fqn -equivariant isomorphism ` ' PN−1(Fqn). Dually, given a qn-point p, the
space of hyperplanes through p is fqn -equivariantly isomorphic to PN−1(Fqn).
If we wish to do the point count p6,C(q) for C = (123)(45), we may now think of this, roughly, as
counting the number of ways we can choose a q3-point, a q2-point, and a q-point of P2. The choice
of such a triple (a(3), b(2), c(1)) determines the set p = { f (a)} ∪ { f (b)} ∪ {c}, which by construction
has cycle type σp = C . Different choices may determine the same element – for example, the triple
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( f (a), b, c) determines the same set p as above – so we will need to correct for such overcounting. But
more significantly, we always require that the resulting set p contains no colinear triples.
When making the choice of the q3-point a, for example, we require that the Frobenius orbit { f (a)} is
not contained in a line. If we have already selected some points, then we additionally require that the
Frobenius orbit of the line through a and f (a) does not contain any of those previously selected points.
In order to make good choices and avoid generating any accidental colinearities, we therefore need to
understand the incidence relations among points and lines and their Frobenius orbits in P2(Fq).
For a pair of distinct points p1, p2 ∈ P2(Fq), we let


p1, p2

denote the unique line containing p1 and
p2. Dually, for a pair of distinct lines `1 and `2, we let


`1,`2

denote the unique point contained in both
`1 and `2. We will often need answers to the following two basic questions (and their dual statements):
(1) Given a pair of distinct points p1 and p2 and the size of their Frobenius orbits, n(pi) = ni , what
is the size of the Frobenius orbit of


p1, p2

?
(2) Given a pair of distinct points p and f r(p) from a Frobenius orbit of size n(p) = n, what is the
size of the Frobenius orbit of


p, f r(p)

?
The following lemmas provide the possible answers to these questions.
Lemma 4.2. Let `(k) = 〈p(n1)1 , p(n2)2 〉. Then k | lcm(n1, n2), and for each i either ni | k or k | ni .
Proof. Let d = lcm(n1, n2). Then
f d(`) =


f d(p1), f
d(p2)

=


p1, p2

= ` ,
so k | d.
Now if f k(pi) = pi , then ni | k. Otherwise, f k(pi) ∈ f k(`) = ` and `=


pi , f
k(pi)

. Then
f ni (`) =
¬
f ni (pi), f
ni
 
f k(pi)
¶
=


pi , f
k(pi)

= ` ,
so k | ni . 
Lemma 4.3. Let `(k) =


p(n), f r(p)

where 0< r < n. Then k | n, and if k 6= n then k | r.
Proof. Clearly f n(`) = `, so k | n. If k < n, then {p, f r(p), f k(p), f k+r(p)} ⊂ `, and
`=


p, f k(p)

=


f r(p), f r+k(p)

= f r


p, f k(p)

= f r(`) ,
so k | r. 
Corollary 4.4. For `(k) =


p(n), f (p)

, either k = 1 or k = n. Moreover, k = n precisely when p does not lie
on any q-line.
Proof. This is immediate from Lemma 4.3 and the simple fact that if p lies on some q-line `(1), then
f r(p) ∈ f r(`) = ` for all r. 
Remark 4.5. There are, as always, analogous statements in the dual setting of a point determined by a
pair of lines p(k) =


`(n1),`(n2)

.
As observed in the proof of Corollary 4.4, a point p that lies on a q-line has its Frobenius orbit contained
in that same q-line. If p is a qk-point with k ≥ 3, then p ∈ `(1) immediately gives a forbidden colinearity
in the Frobenius orbit of p. It is therefore necessary that we select such qk-points that do no lie on any
q-line. Motivated by this requirement, we make the following definition.
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Definition 4.6 (qk-generic). A point p(n) ∈ P2(Fq) is q-generic if it does not lie on any q-line. More
generally, we will say that p is qk-generic if it does not lie on any qr -line for r ≤ k, and we say that p is
generic if it does not lie on any qr -line for r < n when n is odd and for r < n/2 when n is even. (For n
even, p(n) always lies on the line


p, f n/2(p)

, which is fixed by f n/2.)
We make analogous definitions for generic lines in the dual setting, replacing the condition that “p
does not lie on a qr -line” with the condition that “` does not contain a qr -point”.
Keeping in mind that our primary motivation is to determine the precise counts pn,C (q), the following
claim will be used repeatedly.
Proposition 4.7. For each n≥ 3, let P2F(n, gen)q  denote the set of generic qn-points. For n< 6,P2F(n, gen)q = P2F(n)q − P2(Fq)∨ · P1F(n)q  .
For n = 6, P2F(6, gen)q = P2F(6)q − P2(Fq)∨ · P1F(6)q − P2F(2)q ∨ · P1F(3)q2  .
Proof. For 3≤ n< 6, q-generic is equivalent to generic. Now since any two distinct q-lines intersect in a
q-point, the non–q-generic q(n)-points are partitioned (evenly) among the q-lines.
For n = 6, we need to additionally remove all q6-points that lie on some q2-line. Since any pair
of distinct q- or q2-lines intersect in a q- or q2-point, the set of q6-points that lie on some q2-line are
partitioned evenly among all the q2-lines and are disjoint from the set of q6-points that lie on some
q-line. The Frobq2 -equivariant isomorphism `
(2) ' P1(Fq2) identifies the q6-points on ` ⊂ P2(Fq) with the
(q2)3-points on `' P1(Fq2), which determines the last term of given count above. 
Remark 4.8. When n = 1 or 2, every qn-point lies on a q-line, so the conditions of being generic or
q-generic are trivial.
Finally, we note the following extension of Corollary 4.4, which we will use again and again.
Lemma 4.9. If p is q-generic, then the line `=


p, f (p)

is q-generic.
Proof. If `=


p, f (p)

contains a q-point p′, then
`=


p, p′

=


f (p), p′

= f


p, p′

= f (`) .
This says that ` is a q-line, so p is not q-generic. 
We now demonstrate our general strategy for the point counts pn,C(q) by analyzing the case of cycle
type C = (123)(45)(6). We want to count the number of ways choosing an ordered 3-tuple (a(3), b(2), c(1))
that generates an element of B6(Fq) by { f (a)} ∪ { f (b)} ∪ { f (c)}. Since different choices of elements
from the orbits { f (a)} and { f (b)} are independent and generate the same element of B6(Fq), counting
these ordered triples will overcount p6,C(q) by a factor of 3 · 2 = 6.
To count all such ordered triples (a, b, c), we will count all ways of constructing such a triple one
point at a time. The set of choices for a is precisely the set of generic q3-points P2

F(3, gen)q

, and the
cardinality of this set can be determined by Eq. (4.1) and Proposition 4.7.
We then need to count all ways of choosing a q2-point b while avoiding any forbidden colinearities.
There are two things that we must avoid:
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(1) The point b cannot lie on any line determined by a pair of points in the orbit { f (a)}.
(2) The line


b, f (b)

cannot pass through any point in the orbit { f (a)}.
By Corollary 4.4, the line ` =


a, f (a)

is a q3-line, and by Lemma 4.2 such a line cannot contain any
q2-points. (A line that contains both a q3-point and a q2-point is either a q-line or a q6-line.) The same is
then true of the Frobenius orbits of `, so condition (1) puts no restrictions on the choice of b.
Since


b, f (b)

is always a q-line for a q2-point b, and since each point in the orbit { f (a)} is q-generic,
condition (2) puts no restrictions on the choice of b either. We may therefore choose any q2-point
b ∈ P2F(2)q , the exact number of such points being determined by Eq. (4.1).
In choosing the final point c, we only need to ensure that it does not lie on any of the ten lines
determined by pairs of points in the set { f (a)} ∪ { f (b)} (see Fig. 12.) The three lines generated by pairs
of points in { f (a)} are all q-generic by Lemma 4.9. The six lines generated by a point of { f (a)} and
a point of { f (b)} are all q6-lines, and by Lemma 4.2 they must all be q-generic. (A line that contains
a qn-point for n = 1, 2, and 3 must be a q-line.) The tenth line


b, f (b)

is a q-line, and this puts a
non-empty condition on the choice of c. (We cannot select any q-point not on the line


b, f (b)

.)
In total, the choices for a, b, and c determine the count
p6,(123)(45)(q) =
1
3 · 2 ·
P2F(3, gen)q  · P2F(2)q  ·P2(Fq)− P1(Fq)
=
1
6
(q− 1)3q6(q + 1)(q2 + q + 1) .
4.1. Computing twisted point counts for B5(Fq).
4.1.1. Cycle type e. For p ∈ B5(Fq) with cycle type σp = e, each pi ∈ p is a q-point. An ordering of p
gives an element ep ∈ F5(Fq)' PGL3(Fq)× X5(Fq), so we need only to compute X5(Fq).
Recalling that X5(Fq) is isomorphic to the fiber of the map F5→ F4, we determine that X5(Fq) is the
complement of six q-lines determined by four q-points {a1, . . . , a4} ⊂ p. (See Fig. 2.) The six lines meet
a1
a2
a4
a3
FIGURE 2. [Cycle type e] – The final point a5 can be any q-point avoiding the configu-
ration of lines joining pairs of points from {a1, a2, a3, a4}.
at four triple intersections (accounting for 12 of the 15 pairs of intersecting lines) and three ordinary
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intersections. By inclusion-exclusion,X5(Fq)= P2(Fq)− 6P1(Fq)+ (4 · 2+ 3)
= q2 − 5q + 6 .
This gives a count
p5,e(q) =
1
5!
PGL3(Fq) · X5(Fq)
=
1
120
(q− 3)(q− 2)(q− 1)2q3(q + 1)(q2 + q + 1) .
Remark 4.10. Applying the trace formula (Eq. (3.1)) to X5 with trivial Q`-coefficients gives
|X5(Fq)|= q2
 
dim H0ét(X5)− 1q dim H1ét(X5) + 1q2 dim H2ét(X5)

.
This computes the Poincaré polynomial of X5 to be 1+ 5x + 6x2.
4.1.2. Cycle type (12). Let p ∈ B5(Fq) have cycle type σp = (12). Then p is of the form
p = {a(2), f (a), b(1)1 , b(1)2 , b(1)3 } .
Choosing any q2-point a determines a q-line `1 =


a, f (a)

. (See Fig. 3). Choosing any q-point b1 off
of this line determines two distinct q2-lines `2 =


a, b1

and `3 =


f (a), b1

. Since any q2-line contains a
unique q-point (the intersection `(2) ∩ f (`(2))), the only additional condition on choosing b2 is the trivial
condition that it must be distinct from b1. Letting `
(1)
4 =


b1, b2

, the choice of b3 must also lie off of
`4. (The intersection of `1 and `4 is a q-point b
′, which by inclusion-exclusion accounts for the +1 in
the final term below.) This selection process distinguishes a point in the orbit (a, f (a)) and chooses an
ordering for the triple {b1, b2, b3}, so division by 2 · 3! corrects the overcounting.
a(2)
f(a)ℓ1
b1
ℓ2ℓ3
b2
ℓ4
b′
FIGURE 3. [Cycle type (12)] – The final point b3 can be any q-point lying off of the lines
`1 and `2.
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This gives a count
p5,(12)(q) =
1
2 · 3! ·
P2F(2)q  ·P2(Fq)− P1(Fq) ·P2(Fq)− P1(Fq)− 1
·
P2(Fq)− 2 · P1(Fq)+ 1
=
1
12
(q− 1)3q4(q + 1)(q2 + q + 1) .
4.1.3. Cycle type (12)(34). Let p ∈ B5(Fq) have cycle type σp = (12)(34). Then p is of the form
p = {a(2)1 , f (a1), a(2)2 , f (a2), b(1)} .
Choosing any q2-point a1 determines the q-line `1 =


a1, f (a1)

. (See Fig. 4) The q2-point a2 can
then be selected from any q2-point off of the line `1. This determines a second q-line `2 =


a2, f (a2)

and two pairs of q2-lines
¦

a1, a2

,


f (a1), f (a2)
©
and
¦

a1, f (a2)

,


f (a1), a2
©
that intersect at two
distinct q-points {b′, b′′} that do not lie on either `1 or `2. The choice of the q-point b must then lie off
of the lines `1 and `2 (which intersect at some q-point b
′′′) and be distinct from p1 and p2. This selection
process distinguishes a point in each orbit (a1, f (a1)) and (a2, f (a2)) and chooses an ordering for the
cycles ({a1, f (a1)}, {a2, f (a2)}), so division by 23 corrects the overcounting.
f(a1) a1
ℓ1f(a2)
a2
ℓ2
b′′′
b′
b′′
FIGURE 4. [Cycle type (12)(34)] – The final point b can be any q-point lying off of the
lines `1 and `2.
This gives a count
p5,(12)(34)(q) =
1
23
·
P2F(2)q  ·P2F(2)q − P1F(2)q  ·P2(Fq)− 2 · P1(Fq)− 1
=
1
8
(q− 2)(q− 1)2q3(q + 1)2(q2 + q + 1) .
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4.1.4. Cycle type (123). Let p ∈ B5(Fq) have cycle type σp = (123). Then p is of the form
p = {a(3), f (a), f 2(a), b(1)1 , b(1)2 } .
Choosing any q-generic q3-point a determines a q-generic q3-line `(3) (by Corollary 4.4) and its f -orbits.
(See Fig. 5) So there are no conditions on choosing the q-point b1, which determines three q
3-lines each
containing the single q-point b1. The second q-point b2 must then only be distinct from b1. This selection
process distinguishes a point in the orbit (a, f (a), f 2(a)) and chooses an order for the pair {b1, b2}, so
division by 3 · 2! corrects the overcounting.
a
f(a)
f 2(a)
b1
FIGURE 5. [Cycle type (123)] – The final point b2 can be any q-point distinct from b1.
This gives a count
p5,(123)(q) =
1
3 · 2 ·
P2F(3, gen)q  · P2(Fq) ·P2(Fq)− 1
=
1
6
(q− 1)2q4(q + 1)2(q2 + q + 1) .
4.1.5. Cycle type (123)(45). Let p ∈ B5(Fq) have cycle type σp = (123)(45). Then p is of the form
p = {a(3), f (a), f 2(a), b(2), f (b)} .
As above, choosing a q-generic q3-point determines an orbit of generic q3-lines. So there are no
conditions on choosing a q2-point b. This selection process distinguishes a point in each of the orbits
(a, f (a), f 2(a)) and (b, f (b)), so division by 3 · 2 corrects the overcounting.
This gives a count
p5,(123)(45)(q) =
1
3 · 2 ·
P2F(3, gen)q  · P2F(2)q 
=
1
6
(q− 1)3q4(q + 1)(q2 + q + 1) .
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4.1.6. Cycle type (1234). Let p ∈ B5(Fq) have cycle type σp = (1234). Then p is of the form
p = {a(4), f (a), f 2(a), f 3(a), b(1)} .
Choosing a q-generic q4-point a determines four q-generic q4-lines (the line


a, f (a)

and its orbit)
and a pair of q2-lines containing a single q-point b′ at their intersection. (See Fig. 6.) The q-point b must
therefore only be distinct from this intersection. This selection process distinguishes a point in the orbit
(a, f (a), f 2(a), f 3(a)), so division by 4 corrects the overcounting.
a
f(a)
f 3(a)
f 2(a)
b′
FIGURE 6. [Cycle type (1234)] – The final point b can be any q-point distinct from b′.
This gives a count
p5,(1234)(q) =
1
4
·
P2F(4, gen)q  ·P2(Fq)− 1
=
1
4
(q− 1)2q4(q + 1)2(q2 + q + 1) .
4.1.7. Cycle type (12345). Let p ∈ B5(Fq) have cycle type σp = (12345). Then p is of the form
p = {a(5), f (a), f 2(a), f 3(a), f 4(a)} .
We need only choose a q-generic q5-point and divide by 5 to correct for the overcounting. This gives a
count
p5,(12345)(q) =
1
5
P2F(5, gen)q 
=
1
5
(q− 1)2q3(q + 1)(q2 + 1)(q2 + q + 1) .
4.2. Computing twisted point counts for B6(Fq). For each cycle C that has a corresponding class in
S5, we only need to count the ways of choosing an additional q-point from a given p ∈ B5(Fq) of the
corresponding cycle type. This sixth point must be chosen off of the ten lines determined by p, so in each
of these cases we count the total number of q-points on these ten lines.
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4.2.1. Cycle type e. For p ∈ B5(Fq) of cycle type e, the ten lines are all q-lines with a total of 45 intersection
pairs. (See Fig. 7.) Each of the five points comprising p is at an intersection of 4 lines, accounting for a
total of 30 intersection pairs. The remaining 15 points of intersection are all distinct, so there are
10 ·
P1(Fq)− (5 · (4− 1) + 15 · (2− 1)) = 10q− 20
total q-points on these lines.
a1
a2
a4
a3
a5
FIGURE 7. [Cycle type e] – The final point a6 can be any q-point avoiding the configu-
ration of lines joining pairs of points from {a1, a2, a3, a4, a5}
This gives a count
p5,e(q) =
1
6!
· (5! · p5,e(q)) ·
P2(Fq)− (10q− 20)
=
1
720
(q− 3)(q− 2)(q− 1)2q3(q + 1)(q2 + q + 1)(q2 − 9q + 21) .
Remark 4.11. Applying the trace formula (Eq. (3.1)) to X6 with trivial Q`-coefficients givesX6(Fq)= (q2 − 5q + 6)(q2 − 9q + 21) = q4 − 14q3 + 72q2 − 159q + 126
= q4

dim
 
H0ét(X6)
− q−1 dim H1ét(X6)+ q−2 dim H2ét(X6)
−q−3 dim H3ét(X6)+ q−4 dim H4ét(X6) .
This computes the Poincaré polynomial of X6 to be 1+ 14x + 72x2 + 159x3 + 126x4.
20 RONNO DAS AND BEN O’CONNOR
4.2.2. Cycle type (12). Refer to Fig. 8.
For p ∈ B5(Fq) of cycle type (12), the three pairs of q-points determine three q-lines, and the pair of
q2-points determines another. These four lines intersect in six distinct q-points. The remaining six lines
joining a q-point with a q2-point are q2-lines that contain no new q-points. The total number of q-points
on these lines is therefore
4 ·
P1(Fq)− 6 = 4q− 2 .
a(2)
f(a)
b1
b2
b3
FIGURE 8. [Cycle type (12)] – The final point b4 can be any q-point avoiding the
configuration of solid lines (the q-lines).
This gives a count
p6,(12)(q) =
1
2 · 4! (12 · p5,(12)(q)) ·
P2(Fq)− (4q− 2)
=
1
48
(q− 1)3q4(q + 1)(q2 + q + 1)(q2 − 3q + 3) .
4.2.3. Cycle type (12)(34). Refer to Fig. 9.
For p ∈ B5(Fq) of cycle type σp = (12)(34), the four lines generated by joining one of the q2-points
{a1, f (a1), a2, f (a2)} to the q-point b1 are q2-lines containing the single q-point b1. Each of the Frobenius
orbit pairs


ai , f (ai)

determines a q-line, and they intersect in a q-point b′. The remaining four lines are
formed by joining points from the distinct Frobenius orbits { f (a1)} and { f (a2)}. These four lines are two
sets of Frobenius orbits of q2-lines, and they contain only two q-points, b′′ and b′′′, at the intersections
of the two orbits pairs. The total number of q-points on these lines is therefore
2 ·
P1(Fq)− 1+ 3 = 2q + 4 .
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a1 f(a1)
a2
f(a2)
b′
b′′
b′′′
b1
FIGURE 9. [Cycle type (12)(34)] – The final point b2 can be any q-point avoiding the
solid lines (q-lines) and solid points (q-points).
This gives a count
p6,(12)(34)(q) =
1
16
· (8 · p5,(12)(34)(q)) ·
P2(Fq)− (2q + 4)
=
1
16
(q− 2)(q− 1)2q3(q + 1)2(q2 + q + 1)(q2 − q− 3) .
4.2.4. Cycle type (12)(34)(56). Refer to Fig. 10.
Let p ∈ B6 have cycle type (12)(34)(56). Then p is of the form
p = {a(2)1 , f (a1), a(2)2 , f (a2), a(2)3 , f (a3)} .
We can choose a1 to be any q
2-point. This determines a q-line, and we can choose a2 to be any
q2-point off of this line. The four q2-points {a1, f (a1), a2, f (a1)} determine six lines, two of which are
q-lines and four of which are q2-lines. Each of the four q2-points lies at a triple intersection (and get
triple counted when totaling the q2-points on the six lines), and the remaining three intersections are all
q-points. There are thus a total of
2 ·
P1F(2)q + 4 ·P1(Fq2)− 1− 4 · (3− 1) = (6q2 − 2q− 8)
q2-points on these lines, and a3 can be any other q
2-point.
This gives a count
p6,(12)(34)(56)(q) =
1
48
P2F(2)q  ·P2F(2)q − P1F(2)q  ·P2F(2)q − (6q2 − 2q− 8)
=
1
48
(q− 1)2q3(q + 1)(q2 + q + 1)(q4 − 6q2 + q + 8) .
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f(a1) a1
ℓ1f(a2)
a2
ℓ2
b′′′
b′
b′′
FIGURE 10. [Cycle type (12)(34)(56)] – The final point a3 can be any q2-point avoiding
the solid lines (q-lines) and dashed lines (q2-lines).
4.2.5. Cycle type (123). Refer to Fig. 11.
For p ∈ B5(Fq) of cycle type σp = (123), nine of the ten lines are q3-lines that contain a total of two
q-points, the points b1, b2 ∈ p. This pair of points determines a q-line, so the total number of q-points on
the ten lines is P1(Fq)= q + 1 .
a
f(a)
f 2(a)
b1
b2
FIGURE 11. [Cycle type (123)] – The final point b3 can be any q-point lying off the line

b1, b2

.
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This gives a count
p6,(123)(q) =
1
18
· (6 · p5,(123)) ·
P2(Fq)− (q + 1)
=
1
18
(q− 1)2q6(q + 1)2(q2 + q + 1) .
4.2.6. Cycle type (123)(45). Refer to Fig. 12.
For p ∈ B6(Fq) of cycle type σp = (123)(45), three of the ten lines are q3-lines and six of the ten are
q6-lines, all of which are q-generic. The pair of q2-points determines a single q-line, so the total number
of q-points on the ten lines is P1(Fq)= q + 1 .
a
f(a)
f 2(a)
b
f(b)
FIGURE 12. [Cycle type (123)(45)] – The final point c can be any q-point lying off the
line


b, f (b)

.
This gives a count
p6,(123)(45)(q) =
1
6
· (6 · p5,(123)(45)) ·
P2(Fq)− (q + 1)
=
1
6
(q− 1)3q6(q + 1)(q2 + q + 1) .
4.2.7. Cycle type (123)(456). Let p ∈ B6 have cycle type σp = (123)(456). Then p is of the form
p = {a(3)1 , f (a(3)1 ), f 2(a(3)1 ), a(3)2 , f (a(3)2 ), f 2(a(3)2 )} .
The first q3-point a1 can be any generic q
3-point. The second q3-point a2 must also be generic, but
subject to the following two conditions:
(1) a2 cannot lie on any of the three (generic) q
3-lines determined by the orbit of a1.
(2) The line


a2, f (a2)

cannot pass through any point in the orbit of a1.
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If `(3) is a generic q3-line, then each point on ` is a q3-point. There are
P2(Fq)∨ points on ` that are
non-generic, since every q-line intersects ` at a unique point. (The intersection of two q-lines is a q-point
and so cannot be on the line `.)
Condition (1) then says that for each of the q3-lines determined by the orbit of a1, we must throw outP1(Fq3)− P2(Fq)∨= q3 − q2 + q
generic q3-points. Throwing out these points from each line double counts the points in the orbit of a1.
A generic q3-line `(3) determines a generic q3-point by taking the intersection ` ∩ f 2(`). This is
a bijection, as it is inverse to p(3) 7→ 
p, f (p), so condition (2) can be rephrased as saying that we
cannot choose a (generic) q3-line that passes through any point in the orbit of a1. If p
(3) is generic, thenP1(Fq3)∨ is the number of q3-lines that pass through p, and P2(Fq) such lines are non-generic. (There
is one such line


p, r

for each q-point r.)
Moreover, under the bijection above, the only such lines that correspond to a q3-point already ruled
out by condition (1) are the three q3-lines determined by the orbit of a1. Each point in the orbit of a1
has two such lines passing through it, so, for each point, condition (2) says we must throw outP1(Fq3)∨− P2(Fq)− 2 = q3 − q2 + q− 2
generic q3-points.
In total, conditions (1) and (2) rule out a total of
3(q3 − q2 + q)− 3+ 3(q3 − q2 + q− 2) = 6q3 − 6q2 + 6q− 9
generic q3-points. This gives a count
p6,(123)(456)(q) =
1
18
·
P2F(3, gen)q  ·P2F(3, gen)q − (6q3 − 6q2 + 6q− 9)
=
1
18
(q− 1)2q3(q + 1)(q2 + q + 1)(q4 − 2q3 − 3q + 9) .
4.2.8. Cycle type (1234). Refer to Fig. 13.
For p ∈ B5(Fq) of cycle type σp = (1234), four of the ten lines are generic q4-lines, four are q4-lines
containing the common q-point b1, and the remaining two are a pair of q
2-lines containing a second
q-point b′. So there are precisely two q-points on these lines, giving a count
p6,(1234)(q) =
1
8
· (4 · p5,(1234)(q)) ·
P2(Fq)− 2
=
1
8
(q− 1)2q4(q + 1)2(q2 + q + 1)(q2 + q− 1) .
4.2.9. Cycle type (1234)(56). Refer to Fig. 14.
Let p ∈ B6(Fq) of cycle type σp = (1234)(56). Then p is of the form
p = {a(4), f (a), f 2(a), f 3(a), b(2), f (b)} .
Choosing a generic q4-point determines four generic q4-lines and a pair of q2-lines intersecting at a
q-point b′. If `(4) =


a, f (a)

denotes one of the generic q4-lines, then ` and its orbits contain a total
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a
f(a)
f 3(a)
f 2(a)
b′
b1
FIGURE 13. [Cycle type (1234)] – The final point b2 can be any q-point distinct from b1
and b′.
of two q2-points coming from the intersections `∩ f 2(`) = a′ and f (`)∩ f 3(`) = f (a′). The six lines
therefore contain a total of
2 ·
P1(Fq2)− 1+ 2 = 2q2 + 2
q2-points. Since we can choose b to be any other q2-point, this gives a count
p6,(1234)(56)(q) =
1
8
·
P2F(4, gen)q P2F(2)q − (2q2 + 2)
=
1
8
(q− 1)2q3(q + 1)(q2 + q + 1)(q4 − 2q2 − q− 2) .
4.2.10. Cycle type (12345). For p ∈ B5(Fq) of cycle type σp = (12345), all ten lines are generic q5-lines.
So the final q-point may be chosen arbitrarily, giving a count
p6,(12345)(q) =
1
5
· (5 · p5,(12345)(q)) ·
P2(Fq)
=
1
5
(q− 1)2q3(q + 1)(q2 + 1)(q2 + q + 1)2 .
4.2.11. Cycle type (123456). Let p ∈ B6(Fq) have cycle type σp = (123456).
We can choose any generic q6-point. This gives a count
p6,(123456)(q) =
1
6
·
P2F(6, gen)q 
=
1
6
(q− 1)2q3(q + 1)(q2 + q + 1)(q4 + q− 1) .
This completes the point counts in Tables 1 and 2 and is the last step in establishing Theorem 1.1.
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a
f(a)
f 3(a)
f 2(a)
a′
b′
f(a′)
FIGURE 14. [Cycle type (1234)(56)] – The final point b can be any q2-point avoiding
the thick dashed lines (q2-lines) and the q2-points a′ and f (a′).
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